A d-dimensional spacetime is "axisymmetric" if it possesses an SO(d−2) isometry group whose orbits are (d−3)-spheres. In this paper, algebraically special, axisymmetric solutions of the higher dimensional vacuum Einstein equation (with cosmological constant) are investigated. Necessary and sufficient conditions for static axisymmetric solutions to belong to different algebraic classes are presented. Then general (possibly time-dependent) axisymmetric solutions are discussed. All axisymmetric solutions of algebraic types II, D, III and N are obtained.
Introduction

Background
A d-dimensional spacetime is "axisymmetric" if it possesses an SO(d − 2) isometry group whose orbits are (d − 3)-spheres. There are several motivations for studying axisymmetric solutions of the higher-dimensional vacuum Einstein equation (with cosmological constant)
These include the problem of finding an exact solution describing a black hole bound to a 3+1 dimensional brane in the (single brane) Randall-Sundrum model [1] , and determining the phase structure of General Relativity with a compactified dimension [2] . In d = 4 dimensions, all static axisymmetric solutions of the vacuum Einstein equation (with Λ = 0) were obtained by Weyl, who showed that they are characterized by a single axisymmetric harmonic function in R 3 (see e.g. [3] ). Weyl's result has been generalized to higher dimensions: the class of solutions of the d-dimensional vacuum Einstein equation (with Λ = 0) admitting d − 2 commuting, orthogonal, non-null Killing fields is specified by d − 3 axisymmetric harmonic functions in R 3 [4] . If one of the Killing fields generates time translations and the others generate rotations then these solutions have isometry group R× U (1) d−3 , generalizing the R× U (1) symmetry of Weyl's solutions. However, these solutions are not axisymmetric for d > 4.
It is desirable to know the general static axisymmetric solution in d > 4 dimensions but, unfortunately, the Einstein equation cannot be solved analytically for d > 4 (or even for d = 4 with Λ = 0). The impediment arises from the curvature of S d−3 [5] . Note that S d−3 is flat if d = 4, which is why the Einstein equation can be solved for d = 4.
The goal of this paper is to determine whether the Einstein equation can be solved analytically if one makes the additional assumption that the spacetime is algebraically special. In d = 4, an algebraically special static, axisymmetric spacetime must be type D (or O). For Λ = 0, the only such solutions are, in Levi-Citiva's evocative terminology, the A-metrics, the B-metrics, and the C-metric [6] . The A-metrics are labelled by the parameters k ∈ {−1, 0, 1} and M = 0. The metric takes the generalized Schwarzschild form
where U (r) = k − 2M/r, and dΩ 2 k is the metric on a space of constant curvature with sign k. The B-metrics are analytic continuations of the A-metrics in which the time coordinate t is Wick rotated to a spatial coordinate φ and dΩ 2 k to a Lorentzian metric of constant curvature dΣ 2 k :
The C-metric describes a pair of black holes being accelerated apart by a conical singularity [7] . The first method for algebraic classification of the Weyl tensor in higher dimensions was proposed by de Smet [8] . His spinorial method works only for the case d = 5. We shall follow the alternative algebraic classification of Coley, Milson, Pravda and Pravdova (CMPP) [9] , which applies for general d. This method uses "Weyl aligned null directions" (WANDs), which generalize the concept of principal null directions (PNDs) used for algebraic classification in d = 4 dimensions. We shall explain the classification scheme in more detail below. For now, we just state that a d > 4 spacetime need not admit a WAND, in which case it is algebraically general (type G), and that there is a notion of a "multiple WAND" that generalizes the 4d notion of a repeated PND. If a WAND exists, but not a multiple WAND, then the spacetime is type I. If a multiple WAND exists then the spacetime is type II, D, III, N or O. The conditions for these more special algebraic types will be described below. Finally, we note that WANDs need not be discrete for d > 4, and the terminology PND is reserved for the case in which there are finitely many WANDs.
An important result in 4d is the Goldberg-Sachs theorem [6] . This states that, for a solution of the Einstein equation (1) that is not type O, a null vector field is a repeated PND if, and only if, it is tangent to a shear-free null geodesic congruence. This is not true in more than four dimensions [10, 11] : a multiple WAND may not be geodesic, or it may be geodesic but shearing. An example of the former behaviour (with Λ > 0) is the direct product dS 3 × S d−3 (for d > 4), which is type D [12] . Any null vector field in dS 3 is a multiple WAND. Obviously not all such vector fields are geodesic. An example of the latter behaviour is the black string solution given by the product of the 4d Schwarzschild solution with a flat direction, which is also type D [12] . The multiple WANDs are the repeated PNDs of the Schwarzschild solution. These are geodesic (by the Goldberg-Sachs theorem). The associated congruences of geodesics expand in the Schwarzschild directions but not in the flat direction, hence they are shearing. 1 A partial generalization of the Goldberg-Sachs theorem does hold for vacuum spacetimes of type III or type N, for which it has been shown that the multiple WAND must be geodesic [11] . 2 
Summary of results
In this paper, we start (in section 2) by considering static, axisymmetric solutions and determine the condition for them to be algebraically special. It was shown in Ref. [12] that a static solution must be of algebraic type G, I, D or O. We derive simple necessary and sufficient conditions for a solution to belong to the various algebraic types. We also show that many analytic solutions are type G in one open subset of the spacetime and type I in another. This suggests that distinguishing between type G and type I solutions is not very useful in practice, and that the type I condition alone will not be much help in finding new solutions (just as in 4d, where type I is algebraically general). 3 In the rest of the paper, we relax the condition of staticity and consider general (possibly timedependent) algebraically special axisymmetric solutions. The starting point of our analysis is the observation that, for d > 4, the action of SO(d − 2) on S d−3 must be orthogonally transitive [6] , i.e., spacetime is locally a product M 3 × S d−3 with warped product metric
for some 3-metric g ab and function E(x) on M 3 , where dΩ 2 is the metric on S d−3 normalized to unit radius. The analysis naturally divides into two cases depending on whether or not the WAND is axisymmetric, i.e., invariant under SO(d − 2). In section 3, we consider the case in which the WAND is axisymmetric. In this case, there is a partial generalization of the Goldberg-Sachs theorem. We show that the only axisymmetric solution of type II or D with a non-geodesic axisymmetric multiple WAND is dS 3 × S d−3 with Λ > 0. For any other axisymmetric type II or D vacuum solution, an axisymmetric multiple WAND must be geodesic. As already noted, this is also true for type III and type N [11] . (Hence any axisymmetric vacuum solution with an axisymmetric but non-geodesic multiple WAND must be type O, or dS 3 × S d−3 .) The axisymmetry implies that the null geodesic congruence tangent to the WAND has vanishing rotation, hence it is hypersurface-orthogonal. We determine all solutions with an axisymmetric geodesic WAND without assuming a particular algebraic type. The solutions are all type II or more special. 4 There are several classes.
• Type O (conformally flat) solutions. Irrespective of axisymmetry, the only such solutions are Minkowski, de Sitter, and anti-de Sitter spacetimes.
• The Schwarzschild solution, generalized to allow for flat or hyperbolic slices (i.e., higherdimensional analogues of the A-metrics) and a cosmological constant. The metric is given by equation (64). The solution is type D. The null congruence tangent to the WAND has vanishing shear and non-vanishing expansion, so these solutions are a subset of the higherdimensional Robinson-Trautman family of solutions (defined to be solutions admitting a null geodesic congruence with vanishing shear and rotation and non-vanishing expansion) obtained in Ref. [15] .
• "Black string" solutions obtained, for Λ = 0, by foliating Minkowski spacetime with (d − 1)-dimensional Minkowski, or de Sitter, slices and replacing the slices with a Schwarzschild, or Schwarzschild-de Sitter, metric respectively. In the former case, this gives the familiar Schwarzschild black string solution. There is an analagous construction for Λ > 0 based on a de Sitter foliation of de Sitter spacetime, and for Λ < 0 based on Minkowski, de Sitter, or anti-de Sitter foliations of anti-de Sitter spacetime. The latter includes the anti-de Sitter black string of Ref. [16] . The metric of these solutions is given by equation (58). They are all type D. The null congruence associated with the WAND has non-vanishing expansion and shear.
• For Λ > 0, dS 3 × S d−3 is type D. As discussed above, a general multiple WAND of this spacetime is non-geodesic. However, any null geodesic congruence in dS 3 defines a geodesic multiple WAND, which is why this solution is mentioned here. Such a congruence may be expanding and shearing or non-expanding and non-shearing (in the latter case the solution is a special case of the Kundt solutions discussed next).
• Axisymmetric Kundt solutions (section 3.3.4). A Kundt spacetime is a spacetime admitting a null geodesic congruence with vanishing expansion, rotation and shear [6] . Such solutions are type II, or more special, for any d ≥ 4 [17] . In general they involve arbitrary functions of time. In our axisymmetric case, these solutions are expressed in terms of solutions of certain ODEs that cannot be solved analytically in general. We show that some of these solutions are type D or N (but not III). The type N solutions can be obtained analytically. 
where dΣ 2 is the metric on M 2 . The functions A(z) and R(z) can be determined analytically only in special cases e.g. the product spaces dS 3 × S d−3 , dS 2 × S d−2 and AdS 2 × H d−2 , or for flat M 2 with Λ = 0. Various solutions of this form have been discussed previously in the literature. For positively curved M 2 , if one analytically continues to Riemannian signature (so that M 2 becomes S 2 ) then these are metrics of the form discussed by Böhm. He proved that, for low enough d > 4, and Λ > 0, there exist infinitely many Einstein metrics on spheres and products of spheres of the form (5) [18] . for Λ ≤ 0 he constructed complete, non-compact metrics of the form (5) [19] . The Lorentzian interpretation of some of the Böhm solutions has been discussed in Ref. [20] . Some singular solutions with flat M 2 and Λ = 0 were discussed in Ref. [21] , analagous solutions with non-flat M 2 were discussed in Ref. [22] . A regular solution with d = 5, flat M 2 and Λ < 0 describes the metric dual to the ground state of N = 4 super Yang-Mills theory on R × S 1 × S 2 (with fermions periodic on S 1 ) [23] . A solution with d = 5, negatively curved M 2 and Λ < 0 describes the bulk near-horizon geometry of an extremal charged Randall-Sundrum black hole, or the metric dual to the ground state of N = 4 SYM in AdS 2 × S 2 [24] . More generally, solutions of the form (5) with Λ < 0 that are asymptotically locally anti-de Sitter presumably describe the metrics dual to the ground state of a CFT in
For d = 4, it was proposed in Ref. [25] that some type II Kundt solutions describe gravitational waves propagating in a "background" spacetime described by a type D Kundt solution. The same is true for d > 4: given a type D background of the form (5), one can construct explicitly axisymmetric type II Kundt solutions which describe gravitational waves propagating along the space M 2 of this background. (Some particular examples of such solutions were obtained in Refs. [26, 27] .) For Λ < 0, some of these solutions will be asymptotically locally AdS, and will describe metrics dual to certain CFT states in M 2 × S d−3 for which there is a null energy-momentum flux along M 2 .
The second case to consider is when the WAND is not axisymmetric. Acting with SO(d − 2) generates a continuously infinite family of WANDs, which suggests that the solution should have an enhanced symmetry. This is indeed the case: assuming that the solution admits a multiple WAND, we are able to show that SO(d − 2) is enhanced to the de Sitter symmetry SO(1, d − 2), with dS d−2 orbits, and the only non-trivial (i.e. not type O) solutions are:
• For any Λ, a Kaluza-Klein bubble solution [28] (i.e. a higher-dimensional analogue of the B-metrics) obtained by analytic continuation of the Schwarzschild solution (so that
. The metric is given by equation (122). This is type D.
• For positive Λ there is a dS d−2 × S 2 solution. This is also type D. • Type N: the only axisymmetric solutions are the type N axisymmetric Kundt solutions.
• Type III: there are no axisymmetric type III solutions.
• Type D: all axisymmetric solutions are contained in the following list: Kaluza-Klein bubble; dS d−2 × S 2 ; generalized Schwarzschild; generalized black string; solutions of the form (5).
• Type II: the only axisymmetric solutions are the type II axisymmetric Kundt solutions.
• Type I: if a WAND of an axisymmetric type I solution is axisymmetric then it is non-geodesic.
Note that the type D solutions all have isometry groups larger than the SO(d − 2) that was assumed initially.
We can compare these results to those of de Smet, who classified static, axisymmetric d = 5 spacetimes belonging to classes 22 and 22 in his classification scheme for Λ = 0 [8] and Λ = 0 [29] . For d = 5, our list of type D solutions is very similar to the set of the solutions that he found. 6 One significant difference is for Λ = 0, where he found a solution that is not on our list (eq. 4.6 of Ref. [8] , a "homogeneous wrapped object"). The results of section 2 below show that this solution is type G in the CMPP classification. Curiously, no analagous solution with Λ = 0 was obtained in Ref. [29] . Some of the generalized "black string" solutions that we found (eq. (58)) do not appear in de Smet's results. It would be interesting to understand the connections between the de Smet scheme and the CMPP scheme.
It is also interesting to compare our results with results for d = 4. For d = 4, axisymmetry is much less restrictive than for d > 4. This is because, the action of a 1-dimensional group such as SO (2) need not be orthogonally transitive, so the orthogonal decomposition (4) is not always possible, e.g. it does not apply for the Kerr solution. The natural d = 4 analogues of d > 4 axisymmetric spacetimes are spacetimes with a spacelike, hypersurface-orthogonal Killing vector field. Coordinates can then be chosen so that the Killing field is ∂/∂φ and there is a discrete isometry φ → −φ. The metric then can be written in the form (4) with dΩ 2 = dφ 2 . So this is the class of d = 4 spacetimes analagous to our spacetimes. Algebraically special d = 4 vacuum solutions (with Λ = 0) with these symmetries were first classified by Kramer and Neugebauer [30] , so we shall refer to them as KN solutions.
By the Goldberg-Sachs theorem, the null congruence tangent to the repeated PND is geodesic and shear-free. For KN solutions it can be shown that it is also rotation-free, i.e., hypersurfaceorthogonal [30] . Hence a KN solution belongs to the Robinson-Trautman (RT) or Kundt family of solutions depending on whether the congruence associated to the repeated PND is expanding or not. In 4d, the general vacuum solution belonging to either of these classes involves arbitrary functions of type I time, and cannot be written down in closed form [6] . However, with the KN symmetries, the general Kundt (but not RT) solution can be obtained in closed form [30] . Special cases of RT solutions with the KN symmetries are the A-metrics and the C-metric. The Kundt family of solutions contains the B-metrics. 7 The main differences betwen these d = 4 results and our results are (i) the absence of timedependent axisymmetric d > 4 RT solutions; (ii) the absence of a d > 4 analogue of the C-metric. The first difference extends beyond axisymmetry: the general class of d > 4 RT solutions was investigated in Ref. [15] and found to be considerably simpler than the d = 4 class. In particular, the only d > 4 RT solutions with non-vanishing "mass function" are simple static generalizations of the Schwarzschild solution, in contrast with the d = 4 case where such solutions are generically time-dependent. Concerning point (ii), to explain what we mean by "analogue", we note that the main interest in constructing such a solution is to obtain an exact solution describing a black hole on a Randall-Sundrum brane, as explained in Ref. [31] . Such a solution would have d = 5, Λ < 0 and would be axisymmetric (if the black hole were spherically symmetric on the brane) and describe an object with an event horizon accelerating along the axis of symmetry. The d = 4 C-metric belongs to the Weyl class, the RT class and the class of type D metrics. However, no d > 4 analogue was found in the generalized Weyl class (for Λ = 0) [4] or, as we have just discussed, the d > 4 RT class [15] . Our results demonstrate that this negative conclusion extends to the d > 4 type D class too. However, we note that a type D metric of the form (5) does describe the near-horizon geometry of an extremal charged Randall-Sundrum black hole [24] .
Algebraic classification in higher dimensions
For convenience, we shall review briefly the CMPP classification scheme [9] . This involves a null basis e 0 ≡ ℓ, e 1 ≡ n, e i = m i , i = 2 . . . d − 1 where ℓ and n are null vectors obeying ℓ · n = 1, and m i are an orthonormal set of spacelike vectors orthogonal to ℓ and n. Consider a new frame related by a boostl = λℓ,n = λ
A covariant tensor component T a 1 ...ap is said to be of boost weight s if its value in the new basis is related to its value in the old basis by
We are primarily interested in the Weyl tensor. If ℓ satisfies the condition that all Weyl tensor components of boost weight 2 and 1 vanish then ℓ is a multiple WAND. Using the tracefree property of the Weyl tensor, the multiple WAND condition is C 0i0j = C 0ijk = 0. If an algebraically special spacetime does not admit a multiple WAND then it is called type I. If it does admit a multiple WAND then it is type II, or perhaps more special. The more special types are: type III if all Weyl components of boost weight 2, 1, 0 vanish, type N if all components of boost weight 2, 1, 0, −1 vanish and type O if the Weyl tensor vanishes. The explicit conditions for these more special algebraic types are given in table 1. The algebraic types are mutually exclusive, i.e., a spacetime of type III is not also type II.
So far, we have discussed only the WAND ℓ, which gives the so-called primary classification. One can then perform a more refined secondary classification by examining whether, or not, for ℓ given by the primary classification, it is possible to choose n to make further Weyl tensor components vanish. For example, if spacetime is type I with WAND ℓ and it is possible to choose n so that C 1i1j = 0 then the spacetime is said to be type I i . We shall not make use of secondary classification except in defining type D spacetimes. A spacetime of primary type II, with multiple WAND ℓ, is said to be type D if n can be chosen so that C 1i1j = C 1ijk = 0. Note that this implies that n also is a multiple WAND.
We are interested in solutions of the vacuum Einstein equation (1) . For such spacetimes, the WAND conditions can be reformulated in terms of the Riemann tensor:
We shall make use of several general results for warped product spacetimes. A warped product is a spacetime of the form
where g ab is Lorentzian and g ij is Riemannian. Such a spacetime is type D or O if the Lorentzian factor is (i) two-dimensional; (ii) a three-dimensional Einstein space; (iii) a type D Einstein space [12] .
Static, axisymmetric, solutions
In this section we consider higher-dimensional solutions that are static and axisymmetric, i.e., they admit a hypersurface orthogonal timelike Killing vector field that commutes with the generators of SO(d − 2). Introduce coordinates adapted to the isometries:
The components of the Einstein equation (1) for this metric are given in Ref. [32] . Define a complex coordinate w ≡ (r + iz)/ √ 2. Consider R r r − R z z + 2iR r z = 0. This gives
where ∂ ≡ ∂/∂w. This implies
We must consider the denominator since it could vanish identically, i.e., AC d−3 might be constant.
Constancy of ∂(AC d−3 ) implies the RHS must vanish hence C is a constant and Λ is positive. But then A must also be constant so the spacetime has a flat time direction. This is incompatible with positive Λ. Hence AC d−3 cannot be constant. If A and C are known then equation (12) 
It can be checked that this is compatible with equation (12). We assume that the spacetime is algebraically special, so it admits a WAND ℓ. We shall assume for now that the WAND is axisymmetric. Assuming d > 4, this implies that it is orthogonal to S d−3 . By rescaling ℓ we can arrange that
for some function α(r, z). Staticity implies that
is also a WAND 9 , i.e., WANDs come in pairs, which implies that the algebraic type must be I, D or O [12] . Choose
and
whereê α is a vielbein for S d−3 . We find that the WAND condition (8) reduces to
where
where the second equality in each case follows from equations (12) and (14) . The spacetime is algebraically special if, and only if, there exists a real solution α of the WAND condition. Hence
Now consider the additional condition required for a multiple WAND (equation (8)). This gives the single equation Im e 2iα W = 0. Combining with the type I condition gives
8 We have defined ∇ = (∂r, ∂z), ∆ = ∇ 2 , and indices are raised with the flat metric dr 2 + dz 2 . 9 These null vectors don't obey ℓ · n = 1 but this can arranged by rescaling them, which doesn't affect anything below.
We conclude that, assuming an axisymmetric WAND
We shall now comment on our assumption that the WAND is axisymmetric. In general, this need not be true. However. for odd d, S d−3 is even dimensional so the projection of ℓ onto the sphere must vanish somewhere. Working at such a point, we can argue as above to arrive at equations (24) that depend only on r and z and must therefore hold everywhere on the sphere, which implies the existence of an axisymmetric WAND. Hence, for odd d, there is no loss of generality in restricting to an axisymmetric WAND. For even d, this argument does not work. However, in section 4, we shall consider axisymmetric spacetimes with a non-axisymmetric multiple WAND, and show that no such spacetime is static and axisymmetric. 10 Therefore the multiple WAND of a static axisymmetric type D spacetime must be axisymmetric. However, it is possible that some spacetimes with even d > 4 and |W | < |X| may be type I with a non-axisymmetric WAND.
To illustrate these conditions, consider the z-independent d = 5, Λ = 0 solution of Ref. [33] , written in the form given in Ref. [34] 
where α = β 2 + β + 1. Assume m = 0 (so the spacetime is not flat). Then a calculation reveals that |W | = |X| if, and only if, β = 0 or β = 1. The first possibility gives the Schwarzschild black string. The second possibility gives a boost invariant singular spacetime discussed in Ref. [21] . This spacetime is of the form (5) discussed in the introduction. Another interesting example is the static Kaluza-Klein bubble (the product of a flat time direction with the Euclidean Schwarzschild solution). This can be obtained by taking the limit β → ∞ of the above metric. This spacetime has W = 0, X = 0 hence it is type G.
Since type G is distinguished from type I only by an inequality, it is possible that there exist (connected) analytic spacetimes that are type G in some open subset of spacetime and type I in some other open subset. Indeed, if we choose m > 0 and β = 1/2 in the above metric then it is type G for R ∼ m but type I for R ≫ m. 11 As discussed in the introduction, this kind of behaviour suggests that the type I condition alone will not be much help in solving the Einstein equation.
It would be nice to use the type D condition obtained above to solve the Einstein equation. However, we have not made progress using the coordinates employed here. (Even in d = 4, this approach would not work for Λ = 0.) However, in subsequent sections we shall see that all static axisymmetric type D solutions can be found, indeed we shall relax the condition of stationarity and determine all axisymmetric type D solutions.
3 Axisymmetric solutions with an axisymmetric WAND
Introducing coordinates
In this section we shall consider general (possibly time-dependent) axisymmetric spacetimes with an axisymmetric WAND. First we shall introduce coordinates adapted to the WAND. Consider the metric in the form (4), where spacetime is locally a warped product M 3 ×S d−3 . Axisymmetry implies that the WAND is tangential to M 3 .
We shall choose the local coordinates x a on M 3 as follows. Pick a 2-surface in M 3 transverse to the WAND ℓ and let xâ be coordinates on this surface, whereâ = 1, 2. Now carry these coordinates to the rest of spacetime along the integral curves of ℓ, and letr be the parameter distance along these curves. Now use (xâ,r) as coordinates on M 3 , so ℓ = ∂/∂r. The metric takes the form
where g râ = 0 for someâ. Without loss of generality we may assume gr 1 = 0. Now let r = gr 1 (r, xâ)dr, v = x 1 , z = x 2 and use coordinates (v, r, z). In this chart, the metric takes the form
for some functions U, B, C, D, E. The WAND is proportional to ∂/∂r so we can rescale it so that ℓ = ∂/∂r.
It is convenient to complete this to a null basis as follows:
is an orthonormal basis of 1-forms on S d−3 with no dependence on v, r, z.
We shall denote the spacelike basis 1-forms collectively as m i , i = 2 . . . d − 1. Now consider the null congruence associated with the WAND. This is geodesic if, and only if, ∂ r B ≡ 0. The "expansion matrix" of the congruence is
The expansion of the congruence is the trace of this matrix and the shear tensor is the traceless part. The rotation matrix of the congruence vanishes: this is a consequence of axisymmetry.
Type II or D implies geodesic or dS
Consider the case that ℓ is a multiple WAND. It has been shown that for a type III or N Einstein spacetime, the multiple WAND is geodesic 12 [11] . In this section we shall prove a generalization of this result for axisymmetric vacuum spacetimes with an axisymmetric multiple WAND, of principal type II, i.e., the spacetime is type II or D. Assume that spacetime is type II or D and that the multiple WAND is axisymmetric and not geodesic. Define the matrix
Let Φ = Φ ii . Define also
so the WAND is geodesic if, and only if, L i = 0. It has been shown [12] that if the multiple WAND is not geodesic then Φ ij must be symmetric with an eigenvalue equal to −Φ, with associated eigenvector L i . In our case, axisymmetry implies that L α = 0. Hence we must have Φ 22 = −Φ. Now axisymmetry implies that Φ 2α = 0 and Φ αβ ∝ δ αβ , so we must have
12 See footnote 2.
For any type D spacetime satisfying (1), equation (27) of Ref. [12] relates Φ ij to S ij :
It has recently been observed that this equation is actually valid for any solution admitting a multiple WAND, i.e., it is also valid for type II [35] . Using the above expressions for Φ ij and S ij , this equation reduces to
If Φ ≡ 0 then the traceless property of the Weyl tensor implies that C ikjk = 0. This implies that C 2α2α = C αγβγ + C 2α2β = 0. But, by axisymmetry, C 2α2β ∝ δ αβ and C αβγδ ∝ (δ αγ δ βδ − δ βγ δ αδ ), so these equations imply that C 2α2β = C αβγδ = 0, i.e., C ijkl = 0. Therefore all Weyl components of boost weight zero vanish, implying that the spacetime is type III (or more special), a contradiction. Hence Φ = 0, so we must have
We now substitute this result into the equation R 0α0β = 0 following from the WAND condition (8) . This gives ∂ r B (∂ z E − B∂ v E) ≡ 0. But ∂ r B = 0 (the WAND is non-geodesic) hence
Taking a r-derivative of this we obtain ∂ v E = 0. Plugging this back into the equation gives ∂ z E = 0. Hence E is constant. Therefore the spacetime is a direct product M 3 × S d−3 . This is only possible if Λ > 0, then the Einstein equation implies that the solution must be dS 3 × S d−3 (which is type D). In summary, we have shown that an axisymmetric multiple WAND of an axisymmetric type II or D vacuum spacetime must be geodesic unless the spacetime is dS 3 × S d−3 . Combining this with the results for type III or N [11] , we learn that an axisymmetric multiple WAND of an axisymmetric vacuum spacetime must be geodesic unless the spacetime is dS 3 × S d−3 or type O.
Solutions with a geodesic WAND
The results Ref. [11] and the previous subsection establish that an axisymmetric multiple WAND in a vacuum solution is always geodesic (unless the spacetime is dS 3 × S d−3 or type O). In this subsection we shall determine all solutions with an axisymmetric geodesic WAND. We shall not assume that the WAND is a multiple WAND (so a priori the solution might be type I but we shall see that this does not happen).
We have ∂ r B = 0 because the WAND is geodesic. We can now introduce new coordinates v ′ and r ′ such that v = v ′ + F (v ′ , z), r = r ′ G(v ′ , z) for some functions F, G that can be chosen to bring the metric to the same form as before but with B ≡ 0. Dropping the primes on the coordinates, we have
By rescaling, the WAND can be taken to be ℓ = ∂/∂r. We saw above that the null congruence associated with the WAND has vanishing rotation. Since it is geodesic, this implies that it is hypersurface orthogonal. In the above coordinates, it is orthogonal to hypersurfaces of constant v. Furthermore, r is an affine parameter along the null geodesics. 13 There is some coordinate freedom remaining: the form of the metric is invariant under the transformations
All of this is well-known in the context of 4d solutions with a hypersurface orthogonal null geodesic congruence [6] .
We shall employ the same null basis as before (i.e., (28) with B ≡ 0). The Riemann tensor of the above metric in this basis is given in Appendix A. The WAND condition (8) reduces to
for some functions D 0 , D 1 , E 0 , E 1 . The 00 component of the Einstein equation is now automatically satisfied. Axisymmetry implies that the 0α component is trivial. The 02 component reduces to an equation linear in C:
This will determine the r-dependence of C. There are several different cases to consider.
We can use the residual freedom in r and z (equation (38)) to set E 0 ≡ 0 and D 0 ≡ 1, i.e. D ≡ 1. Then (41) reduces to
which can be solved to give
for arbitrary functions C 0 and C 1 . The r-dependence of U (v, r, z) is determined by the 01 component of Einstein's equation:
where U 0 and U 1 are arbitrary functions, and
The r-dependence of the metric is now fully determined. Comparing coefficients of terms with different r dependence in the remaining components of the Einstein equation can be used to restrict the arbitrary functions above. The αβ components of Einstein's equation give
The residual coordinate freedom z → z − f (v) can be used to set
The 22 component of Einstein's equation gives
Now the 12 component of Einstein's equation implies
which in turn implies
for some arbitrary function m(v). The 11 component of Einstein's equation then implies
m(v) = 0 implies that the spacetime is conformally flat (type O), so assume that m(v) = 0. Then (52) implies
for some positive function g(z). Inserting this into equation (49) gives the linear equation
where L is defined by
Define a positive constant µ via the first integral
where η ∈ {−1, 0, 1}. Using the freedom to shift z by a constant (and z → −z) we have g(z) = µG(z), where G(z) is given by
where α is a positive constant. Defining new coordinates (V, ρ) by
the metric becomes 
E
The coordinate freedom (38) can be used to set E 0 ≡ 0. From (29) , these solutions have vanishing shear and non-vanishing expansion. Therefore they belong to the class of higher-dimensional Robinson-Trautman solutions [15] . To give a self-contained presentation, we shall rederive these solutions here (with the additional restriction of axisymmetry). Using a transformation z → z ′ (z, v), we can set D 1 ≡ 1. The general solution to equation (41) is
where C 1 and C 2 are arbitrary functions. But now R 22 −R αα (no sum on α) is independent of U and, by the Einstein equation, must vanish. Equating coefficients of terms with different r-dependence gives C 2 ≡ 0 and
The 22 component of the Einstein equation can then be solved to determine U :
where U 1 is an arbitrary function. Now examining the 12 component of the Einstein equation gives ∂ z U 1 = 0. The 11 component of the Einstein equation reduces to
If U 1 ≡ 0 then it can be shown that the above equations imply that the Weyl tensor vanishes hence the solution is type O. If U 1 = 0 then we can use the gauge freedom v → V (v) and r → r/∂ v V to set U 1 ≡ µ for some non-zero constant µ. Then (63) gives ∂ v E 1 = C 1 ∂ z E 1 . From (61) we then learn that ∂ z C 1 = 0. This implies that C 1 can be gauged away by a shift z → z − f (v). In the new gauge we have ∂ v E 1 = 0. The solutions of (60) are E 1 = R sin(z/R), z or R sinh(z/R) (using z → z − const and z → −z to simplify) where R is a positive constant. R can be set to one by rescaling z, v and r. The solution takes the final form
where M is a non-zero constant, and dΣ 2 k is the metric on a d − 2 dimensional space of unit constant curvature of sign k. This generalized Schwarzschild metric is of type D [15] .
We use the transformations (38) to set D 1 ≡ 1 and E 0 ≡ 0. The general solution to equation (41) is
where C 1 and C 2 are arbitrary functions. Now we consider the 22 and αα components of the Einstein equation. These equations are linear in U and ∂ r U and can be solved algebraically to determine U and ∂ r U . The r-dependence is completely determined hence consistency of the solutions for U and ∂ r U gives an equation whose r dependence is fully determined. Equating coefficients of terms with the same r dependence then gives C 2 ≡ 0 together with
The solution for U is then
These results imply that the Weyl tensor vanishes. Hence these solutions are type O, i.e., Minkowski or (anti)-de Sitter spacetime.
E 1 ≡ 0: Kundt solutions
Solving (41) gives Assume instead that D 1 ≡ 0. We now have ∂ r D = ∂ r E = 0 so the geodesic congruence is free of expansion and shear as well as twist. Spacetimes with vanishing expansion, shear and twist are referred to as Kundt spacetimes [6, 36] . All vacuum Kundt solutions are type II or more special for any d ≥ 4 [17] . General d-dimensional Kundt spacetimes have been discussed recently [37] . The general solution cannot be obtained in closed form. We shall now analyze such solutions assuming axisymmetry, which enables further progress to be made.
With
Hence we can choose F (v, z) to set C 0 ≡ 0. To summarize, we have brought the metric to the form
Some gauge freedom remains. The transfomations of the form (38) that preserve this form of the metric are
The αα component of the Einstein equation reduces to
and the 22 component of the Einstein equation reduces to
The 01 component of the Einstein equation is satisfied if, and only if,
The 12 Einstein equation reduces to
Finally, using the above equations, the 11 Einstein equation reduces to
(77) As is familiar for Kundt solutions, the equations of motion separate into the "background" equations (72) and (73), which must be solved to determine E 0 and C 1 . Given a solution of these equations, the other equations can be integrated to determine U 0 and U 1 . The second step is trivial because the equations are linear. Hence solving the background equations is the non-trivial step that remains. However, the general solution to the background equations is not known analytically.
Since the background equations do not involve v-derivatives, solving them equations is equivalent to solving the corresponding equations assuming that E 0 and C 1 are independent of v and U 0 = U 1 = 0. But in this case, the metric is static. In fact, we shall see below that the general type D axisymmetric Kundt metric is of this form. The background equations can only be solved in special cases e.g. the general solution with d = 4 can be determined, and the general solution with d = 5, Λ = 0 and U 2 = 0 can also be obtained [21] . Some time-dependent solutions based on the latter solution of the background equations were obtained in Refs [26, 27] .
It is convenient to define a positive function W (v, z) by
where W 0 (v) is an arbitrary positive function, so
The background equations become
Equation (77) becomes
These equations imply that
hence we can always choose W 0 (v) so that
with k ∈ {1, 0, −1}. We can now define a new coordinate R by
The metric becomes
We now consider a further classification of the Kundt solutions according to their algebraic type. Using the above equations to simplify the Weyl tensor, we find that the only independent nonzero components are:
Note that while C 0101 , C 0112 , C 0212 , C 1212 and C α2β2 are nonzero, they are related to the above components by the tracefree property of the Weyl tensor. The first two Weyl components written above are of boost weight 0, while the remaining two are of boost weight -1 and -2 respectively. Hence the solutions we are considering here are at least type II, confirming the general result of Ref. [17] .
Type III and N
Consider the case in which the solution is type III, or more special. In this case, the Weyl components of boost weight 0 vanish. This gives, for d > 4, the following equations
Note that equation (92) is not present for d = 4. Solving this equation gives
where L > 0 is defined by (55), and we have used the freedom (70) to eliminate an arbitrary function of v (we've also fixed signs using z → ±z). Equation (91) now determines C 1 :
Since E 0 is independent of v, equation (89) gives that C 1αβ2 = 0, hence these solutions are type N or O. There are no axisymmetric type III Kundt solutions for d > 4. However, such solutions do exist for d = 4 [6] .
Continuing the analysis, note that the coefficient of r in C 1α1β (given by (90)) vanishes, and so C 1α1β reduces to
U 2 (v, z) can be calculated using (75):
Equation (76) implies that U 1 (v, z) is independent of z:
Finally, equation (77) can be solved to determine U 0 . For Λ = 0, the solution is, for d > 4
(for d = 4, the first term is replaced by F (v) log z). A shift r → r − f (v) can be used to set G(v) ≡ 0. The only independent non-zero component of the Weyl tensor is (95). This reveals that the solution is type O if, and only if, F (v) ≡ 0. Therefore, the general axisymmetric type N Kundt solution with Λ = 0, is given by the following metric (for d > 4)
The null vector field ℓ is covariantly constant, and so the solution above belongs to the family of pp-waves [38] . For Λ < 0, the solution for U 0 is
Define a new coordinate R by
, giving the final form of the solution:
A similar analysis for Λ > 0 (or L → iL) gives
These solutions are type O, i.e., isometric to (anti-)de Sitter space, if, and only if,
is not identically zero then these metrics are the general axisymmetric type N Kundt solutions for Λ = 0, d > 4. 14 It seems natural to interpret the type N solutions as describing gravitational waves propagating in a type O background.
Type D
Now consider type D solutions, for which there exists a second multiple WAND n ′ . Note that n ′ need not coincide with the null basis vector n defined above. If n ′ were not axisymmetric then the solution would be encompassed by the analysis of section 4. However, the results of that section reveal that, in this case, both multiple WANDs would fail to be axisymmetric, which is not the case here. Hence we can assume that n ′ is axisymmetric. The most general form it can take is
where a(v, r, z) is arbitrary. Let us change to a new null frame (ℓ ′ , n ′ , m ′ i ), with
Note that a ≡ 0 corresponds to the frame used above. The fact that ℓ is a multiple WAND guarantees that Weyl components of boost weight 0 are the same in the two frames. The negative boost weight components in the new frame are related to the components in the old frame by
Type D solutions are those for which Weyl tensor components of boost weight −2 and −1 (in the new frame) vanish, giving
where the second equation has not been written explicitly for brevity. Note that equation (110) implies either a = a(v, z); or C 2α2β = C 0α1β and C 1αβ2 = 0. In the latter case, equation (111) implies C 1α1β = 0, and then one finds that n is a multiple WAND, i.e., one can set a ≡ 0. Hence, in either case, we have a = a(v, z). Therefore, in equation (111), the only term with r dependence is that contained in C 1α1β , which must vanish, giving (from equation (90))
To simplify the analysis, assume that the spacetime is not dS 3 × S d−3 (which we already know is type D). The results of section 3.2 imply that the second multiple WAND n ′ must be geodesic. Axisymmetry implies that the geodesic equation reduces to
The LHS is linear in r so this gives two equations:
Proceed by simplifying equation (112) using equation (115):
Note that ∂ z E 0 is not identically zero, since otherwise eq. (72) implies that E 0 is constant, which gives dS 3 × S d−3 . There are two cases.
Using this to eliminate ∂ v E 0 from eq. (110) gives ∂ z a = 0, so a = a(v). Now we can use a transformation of the form (70) to reach a gauge in which ∂ v E 0 ≡ 0, i.e., a ≡ 0. Substituting (73) into (115) then gives ∂ v C 1 = 0. Now equation (76) gives ∂ z U 1 = 0. Define a positive function W (z) by equation (79). Equation (75) reveals that U 2 is independent of v so equation (83) implies (84) as before (using the freedom to rescale W by a constant). Equation (114) gives U 0 = F (v)W (z). Defining the coordinate R by (85), the metric can be brought to the form (86):
The transformation R → R − G(v) can be used to set F (v) ≡ 0, then a transformation v → V (v), R → R/∂ v V can be used to set U 1 ≡ 0. The metric is then
where dΣ 2 is the metric on a 2d Lorentzian space with Ricci scalar 2k, i.e., Minkowski or (anti-) de Sitter spacetime. Case 2. U 2 ≡ 0. Equations (75) and (73) imply
while equations (115) and (76) imply
The integrability condition for these equations is
hence
. A gauge transformation of the form (70) can be used to reach a gauge in which ∂ v E 0 ≡ 0, i.e., h(v) ≡ 0. Equation (120) now gives ∂ v C 1 ≡ 0 and (76) gives ∂ z U 1 ≡ 0. Now if a ≡ 0 then we are back to case 1, so assume a = 0. Then the coefficient of a in equation (110) must vanish. But this is the case discussed below equation (111), where n is a multiple WAND, so one can set a ≡ 0 after all, leading back to case 1. In summary, we have shown that, for a general type D axisymmetric Kundt metric, one can find a gauge in which E 0 and C 1 are independent of v and U 0 = U 1 = 0. The metric can be transformed to the form (118). 15 Conversely, the warped product structure of (118) implies that any such solution is type D or O [12] . Type O corresponds to the solutions for E 0 (z) and C 1 (z) found in our discussion of type N, i.e., equations (93), (94).
Axisymmetric solutions with a non-axisymmetric WAND
Consider the Kaluza-Klein bubble spacetime [28] (generalized to include Λ) obtained by analytic continuation of the Schwarzschild solution:
where m = 0 is a constant, and dS d−2 is (d − 2) dimensional de Sitter space:
This spacetime is obviously axisymmetric. It is a warped product of dS d−2 and R 2 and is hence type D [12] . We did not discover this spacetime above. This is because the multiple WANDs live in the dS d−2 directions and hence must have non-vanishing components along S d−3 , i.e., they are not axisymmetric. Here this is possible because the axisymmetry SO(d − 2) is part of the bigger SO(1, d − 2) de Sitter symmetry. We shall show that this symmetry enhancement is necessary for a multiple WAND to be non-axisymmetric. Consider first the case in which we have a non-axisymmetric (multiple) WAND ℓ that is everywhere orthogonal to the S d−3 orbits of SO(d − 2), i.e., the only non-zero components of the WAND (in the coordinates of (4)) are ℓ a = ℓ a (x, Ω), where Ω refers to the coordinates on S d−3 . Now, since the Weyl tensor is axisymmetric, it is clear that ℓ a (x, Ω 0 ) is also a (multiple) WAND where Ω 0 is an arbitrary point on S d−3 . But this new WAND does not vary on S d−3 , i.e., it is axisymmetric. Hence we conclude that, if the WAND is everywhere orthogonal to S d−3 then there is no loss of generality in assuming that it is axisymmetric.
Assume instead that we have an axisymmetric spacetime with metric (4) and that a WAND ℓ is not orthogonal to S d−3 at some point. Then the same must hold in a neighbourhood of that point. Consider the "unphysical" spacetime M 3 × S d−3 with the product metric obtained by multiping (4) by E(x) −2 . We shall work with this spacetime for most of this section. Obviously ℓ is a WAND of this spacetime. By rescaling ℓ we can ensure that the projection of ℓ onto S d−3 is a unit vector (in our neighbourhood). Hence we can write ℓ = (e 0 + e 3 )/ √ 2 where e 0 is a timelike unit vector in M 3 and e 3 a unit vector on S d−3 . Choose n = (−e 0 + e 3 )/ √ 2. Choose e 1 and e 2 so that {e 0 , e 1 , e 2 } is an orthonormal basis for M 3 , and choose e 4 . . . e d−1 so that {e 3 . . . , e d−1 } is an orthonormal basis for S d−3 . Now take {m i } = {e 1 , e 2 , e 4 , . . . , e d−1 }. Letâ,b take values 1, 2 and letα,β take values 4 . . . , (d − 1) and α, β take values 3, . . . , d − 1. By axisymmetry we have that C abcd vanishes if there are an odd number of indices of the form α, β. We also have
for some quantities a, Câb, b. Now the WAND condition C µνρσ ℓ µ m ν i ℓ ρ m σ j = 0 reduces to
15 Note that the special case dS3 × S d−3 can be written in the form (118) (with constant E0 and k = 1).
The first equation follows from choosing i, j =â,b in the WAND condition and the second by choosing i, j, =α,β. Now, since we have a product metric, C abcd is fully determined by the Ricci tensor of M 3 . Hence these conditions give conditions on this Ricci tensor. Using the formulae in [12] (and R αβ = (d − 4)δ αβ ), we find that the Ricci tensor of M 3 must obey R 00 = 2, Râb = 1 2 Rĉĉ δâb.
Similarly, the additional condition for ℓ to be a multiple WAND reduces to
Note that these conditions are invariant under e 0 → −e 0 , which implies that if ℓ is a multiple WAND then so is n. Hence the spacetime is type D or more special. From now on, we assume that ℓ is indeed a multiple WAND. Note that we can argue as we did in the second paragraph of this section to deduce that there is no loss of generality in assuming that e 0 is axisymmetric, which we shall assume henceforth. Using capital letters M, N, . . . to denote coordinate indices in M 3 , we can summarize the form of the 3d Ricci tensor as
where u M ≡ e M 0 . This is the Ricci tensor that would arise from a solution of the 3d Einstein equations sourced by a perfect fluid with energy density µ and pressure p ≡ 1 (with 8πG 3 = 1). The contracted Bianchi identity (or stress tensor conservation) gives
and (µ + 1)θ + u · ∇µ = 0,
where the expansion θ is defined by θ = ∇ · u. The first of these equations implies that either µ ≡ −1 or u M is tangent to affinely parametrized geodesics in M 3 . In the former case, we have R M N = −2g M N , which implies that M 3 is locally isometric to AdS 3 with unit radius, which implies that M 3 × S d−3 is conformally flat, so the physical spacetime is type O. Assume henceforth that this is not the case, so µ = −1 and u M is geodesic in M 3 . The Einstein equation for the physical metric E 2 g is
where ∇ is the covariant derivative with respect to the unphysical metric g, and indices are raised and lowered with this metric. The components tangent to the sphere give
Using this, and (128), the components tangent to M 3 give
We now act on this with ∇ P , antisymmetrize on M P , and use the fact that the Riemann tensor in 3d is determined by the Ricci tensor, which is given by (128). This results in the equation
Contracting with u N , this equation reduces to (µ + 1)B [M P ] = 0. Since we are assuming that µ + 1 is not identically zero, we must have
i.e. du = 0, so u M is hypersurface-orthogonal. Define the projector
and now contract (134) with h N Q to get
We can define the expansion and shear of the geodesic congruence tangent to u M in terms of the trace and traceless parts ofB M N :B
Contracting (138) with u M gives (µ + 1)B QP ∝ h P Q , hence the congruence is shear-free:
Equation (138) now reduces to
However, contracting (142) with h P N reveals that X P = 0. Decomposing this into a part orthogonal to u M and a part parallel to u M gives
where (130) was used to simplify the second equation. Let Σ 0 be a surface orthogonal to u M (recall that u M is hypersurface orthogonal), let x i be coordinates on Σ 0 . Assign coordinates (T, x i ) to the point proper time T along the geodesic tangent to u M starting at the point on Σ 0 with coordinates x i . In this chart, the metric is
and u = ∂/∂T . From the definition ofB M N and using the fact that the rotation and shear of the geodesics vanish, and equation (145) we deduce that
for some 2-metric H ij independent of T . Eliminating θ between equations (130) and (145) gives (µ + 1) = f (x)E 2 for some (non-zero) function f . Substituting this into equation (144) and integrating gives
for some function g(T ). Now contracting (133) with u M u N gives
Using (148) and the freedom to shift T by a constant we can solve to obtain
for some non-zero function r(x). Putting everything together, the physical metric is
The metric in brackets is the metric of (d−2)-dimensional de Sitter space. The full metric is invariant under the de Sitter isometry group. Hence if we Wick rotate to Euclidean signature then obtain a spherically symmetric spacetime so we can apply Birkhoff's theorem to deduce that the above metric must be either the Kaluza-Klein bubble spacetime (122), or (if r(x) is constant and Λ > 0) dS d−2 × S 2 .
R 1212 =
